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We study k-uniform states in heterogeneous systems whose local dimensions are mixed. Based
on the connections between mixed orthogonal arrays with certain minimum Hamming distance,
irredundant mixed orthogonal arrays and k-uniform states, we present two constructions of 2-uniform
states in heterogeneous systems. We also construct a family of 3-uniform states in heterogeneous
systems, which solves a question posed in [D. Goyeneche et al., Phys. Rev. A 94, 012346 (2016)].
We also show two methods of generating (k − 1)-uniform states from k-uniform states. Some new
results on the existence and nonexistence of absolutely maximally entangled states are provided.
For the applications, we present an orthogonal basis consisting of k-uniform states with minimum
support. Moreover, we show that some k-uniform bases can not be distinguished by local operations
and classical communications, and this shows quantum nonlocality with entanglement.
I. INTRODUCTION
Multipartite entanglement plays a central role in quantum key distribution [1–3], quantum teleportation [4, 5] and
quantum error correcting codes (QECCs) [6]. However, characterizing entanglement in an arbitrary multipartite
system can be challenging [7]. Recently, a striking class of pure states called k-uniform states has attracted much
attention. These states have the property that all of the reductions to k parties are maximally mixed. Let Cd be
the d-dimensional Hilbert space. A homogeneous system associates with the Hilbert space (Cd)⊗N . Suppose |ψ〉 is a
k-uniform state in (Cd)⊗N , then k ≤ ⌊N2 ⌋ due to the Schmidt decomposition. Specially, a ⌊N2 ⌋-uniform state is called
an absolutely maximally entangled (AME) state, and it is maximally entangled across any bipartition. AME states
can be used for threshold quantum secret sharing schemes, for parallel and open-destination teleportation protocols
[8, 9]. AME states can also be used to design holographic quantum codes [10]. Further, a k-uniform state in (Cd)⊗N
corresponds to a pure QECC in (Cd)⊗N of distance k + 1 [6]. Due to the various applications of k-uniform states, it
is important to study them theoretically.
In a more general case, a heterogeneous system associates with the Hilbert space Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN . In [11],
the authors first studied k-uniform states in heterogeneous systems, and constructed several 1-uniform and 2-uniform
states in heterogeneous systems from irredundant mixed orthogonal arrays (IrMOAs). But we still do not know which
mixed orthogonal array is irredundant. In [12], the authors gave a sufficient and necessary condition for the existence
of 1-uniform states in Cd1⊗Cd2⊗· · ·⊗CdN . However, there are few constructions of k-uniform states in heterogeneous
systems when k ≥ 2. Specially, it was wondered in [11] whether there exist 3-uniform states in heterogeneous systems.
We shall give a positive answer to this question and construct more k-uniform states in heterogeneous systems. This is
the first motivation of this work. AME states in tripartite heterogeneous systems were investigated in [13]. Recently,
the authors in [14] designed the quantum setups to produce some tripartite AME states in heterogeneous systems. It
is reasonable to believe that AME states in heterogeneous systems can be experimentally realized in the near future.
Thus, it is meaningful to study AME states in heterogeneous systems. This is the second motivation of this work.
Table I shows our main results .
A set of orthogonal states is locally indistinguishable, if it is not possible to distinguish the states by any sequence of
local operations and classical communications (LOCC). Local indistinguishability can be used for data hiding [23–26]
and quantum secret sharing [27]. Bennett et al. first constructed an orthogonal basis consisting of product states in
C
3⊗C3 which is locally indistinguishable, and showed the phenomenon of quantum nonlocality without entanglement
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2TABLE I: Existence of k-uniform states. Note that “-” means unclear.
(Cd)⊗N Existence Nonexistence Unknown References
1-uniform d ≥ 2, N ≥ 2 no no [15]
2-uniform d ≥ 2, N ≥ 4 except d = 2, 6, N = 4 d = 2, N = 4 d = 6, N = 4 [6, 15–19]
3-uniform d ≥ 2, N ≥ 6, d = 2, N = 7 d ≥ 6, d = 2 (mod 4), [9, 16–18, 20–22]
except d = 2 (mod 4), N = 7 N = 7
(Cd)⊗N ⊗ (C2)⊗t Existence Nonexistence Unknown References
2-uniform
d ≥ 2, t = 1, N ≥ 5 - - Theorem 6
d ≥ 2, t = 2, - - Theorem 6
N ≥ 7,N 6= 4d + 2, 4d+ 3
Table II - - -
3-uniform Proposition 8 - - -
AME states - Table III - -
[28]. Recently, Halder et al. proposed the concept of locally irreducible set, and showed the N -qubit GHZ bases are
locally irreducible [29]. A set of orthogonal states is locally irreducible if it is not possible to eliminate one or more
states from the set by nontrivial orthogonality-preserving local measurements. Local irreducibility sufficiently ensures
local indistinguishability, but the converse is not ture. Since there are few results about the local irreducibility of
other entangled bases, it is meaningful to investigate the local irreducibility of k-uniform bases. This is the third
motivation of this work.
In this paper, we investigate k-uniform states in heterogeneous systems for k = 2, 3. Similar to homogeneous k-
uniform states, heterogeneous k-uniform states are related to QECCs over mixed alphabets [11, 30]. In Proposition 2,
we first restate the connection between IrMOAs and k-uniform states in heterogeneous systems. Second we give an
efficient way to check whether an MOA is irredundant in Lemma 3. Figure 1 shows our main method of constructing
k-uniform states in heterogeneous systems. We establish Constructions 1 and 2, and we use these two constructions to
construct 2-uniform states in heterogeneous systems in Theorem 6 and Table II. Figure 2 shows our Constructions 1.
Next, we propose Construction 3, and we use it to construct a family of 3-uniform states in heterogeneous systems
in Proposition 8. Moreover, we show two methods of generating (k − 1)-uniform states from k-uniform states in
heterogeneous systems in Propositions 9 and 10. We show the existence of AME states in Corollary 11, and the
nonexistence of AME states in Lemma 12 and Table III. Finally, we indicate some applications of k-uniform states
in heterogeneous systems. We present an orthogonal basis consisting of k-uniform states with minimum support in
heterogeneous system in Proposition 13. We also show some k-uniform bases are locally irreducible in Proposition 14
and Corollary 15. Figure 3 shows all of our applications.
It is known that k-uniform states in homogeneous systems can be constructed from orthogonal arrays, Latin squares,
symmetric matrices, graph states, quantum error correcting codes and classical error correcting codes [6, 15, 31–34].
Table I shows the existence 1, 2, 3-uniform states in homogeneous systemsA. Multiqubit AME states only exist for
2, 3, 5, 6-qubits [6, 20, 35]. There are still some unknown AME states for local dimension d ≥ 3 [36]. Specially, the
existence of AME states in C6⊗C6⊗C6⊗C6 remains open [37]. Multipartite entanglement in heterogeneous systems
has been studied in [38–43]. In [44], the authors gave an algorithm to design quantum experiments in heterogeneous
systems. The capacity of quantum channels and efficiency of quantum gates can be increased, if we take into account
each subsystem consisting of more than two levels [45, 46]. However, the study of entanglement for heterogeneous
systems is more complicated than that for homogeneous systems, due to the lack of useful mathematical tools [11].
The remainder of this paper is organized as follows. In Sec. II, we introduce the preliminary knowledge and
facts. In Sec. III, we construct k-uniform states in heterogeneous systems. AME states in homogeneous systems are
investigated in Sec. IV. In Section V, we indicate some applications. We conclude in Sec. VI. In addition, we give a
proof of Construction 2 in Appendix A, a proof of Theorem 6 in Appendix B, a proof of Proposition 9 in Appendix C,a
proof of Proposition 13 in Appendix D, and a proof of Proposition 14 in Appendix E.
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FIG. 1: The main method of constructing k-uniform states in heterogeneous systems in this paper.
II. PRELIMINARY
In this section we introduce the preliminary knowledge and facts used in this paper. Let (Cd)⊗N denote Cd⊗Cd⊗
· · · ⊗Cd, where d repeats N times. For convenience, we assume that d1 ≥ d2 ≥ · · · ≥ dN in Cd1 ⊗Cd2 ⊗ · · · ⊗CdN . A
k-uniform state |ψ〉 in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN has the property that all reductions to k parties are maximally mixed.
That is, for any subset {i1, i2, . . . , ik} ⊂ {1, 2, . . . , N}, we have
ρ{i1,i2,...,ik} = Tr{i1,i2,...,ik}c
|ψ〉〈ψ| = 1
di1di2 · · · dik
Idi1di2 ···dik , (1)
where {i1, i2, . . . , ik}c = {1, 2, . . . , N}/{i1, i2, . . . , ik}, and Tr{i1,i2,...,ik}c is the partial trace operation. Due to the
Schmidt decomposition of bipartite pure state, we obtain that d1d2 · · · dk ≤ dk+1dk+2 · · · dN . Thus k satisfies k ≤ ⌊N2 ⌋.
If k = ⌊N2 ⌋ then |ψ〉 is also called an absolutely maximally entangled (AME) state.
Next, orthogonal arrays and mixed orthogonal arrays are essential in statistics and have wide applications in
computer science and cryptography. They are related to finite fields, finite geometry and classical error-correcting
codes [47]. Formally, a mixed orthogonal array MOA(r, dn11 d
n2
2 . . . d
nl
ℓ , k) is an array of r rows and N columns, where
N =
∑ℓ
i=1 ni, the first n1 columns have symbols from {0, 1, . . . , d1 − 1}, the next n2 columns have symbols from{0, 1, . . . , d2 − 1}, and so on, with the property that in any r × k subarray every possible k-tuple occurs the same
number of times as a row. Here each di is called a level, and d
ni
i means level di repeats ni times. If ℓ = 1 and n1 = N ,
then a mixed orthogonal array is reduced to an orthogonal array, denoted by OA(r, dN , k). Without loss of generality,
we assume d1 > d2 > · · · > dl. A mixed orthogonal array is simple if the rows are all distinct. The following are two
examples of simple MOAs.
Example 1


0 0 0 0 0
0 1 1 1 1
1 0 0 1 1
1 1 1 0 0
2 0 1 0 1
2 1 0 1 0
3 0 1 1 0
3 1 0 0 1


is an MOA(8, 4124, 2);


0 0 0 0 0
0 1 0 1 0
0 0 1 0 1
0 1 1 1 1
1 0 1 1 0
1 1 1 0 0
1 0 0 0 1
1 1 0 1 1
2 0 1 1 0
2 1 0 0 0
2 0 0 1 1
2 1 1 0 1


is an MOA(12, 3124, 2).
4Using the MOA(8, 4124, 2) in the above example, we can construct a 2-uniform state in C4 ⊗ (C2)⊗4,
|ψ〉 = 1
2
√
2
(|00000〉+ |01111〉+ |10011〉+ |11100〉
+ |20101〉+ |21010〉+ |30110〉+ |31001〉).
(2)
Not all mixed orthogonal arrays can be used to construct k-uniform states in heterogeneous systems. The
MOA(12, 3124, 2) in Example 1 implies the state |φ〉 = 1
2
√
3
(|00000〉+ |01010〉+ |00101〉+ |01111〉+ |10110〉+ |11100〉+
|10001〉 + |11011〉 + |20110〉 + |21000〉 + |20011〉 + |21101〉) ∈ C3 ⊗ (C2)⊗4. However, |φ〉 is not a 2-uniform state,
because the reduced density operator of the first two parties of |φ〉 is no longer diagonal. To characterize the relation
between mixed orthogonal arrays and k-uniform states, we introduce the irredundant mixed orthogonal arrays [11].
An MOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , k) with N =
∑ℓ
i=1 ni columns is called irredundant, if when removing from the array any k
columns, all remaining r rows containing N−k symbols each, are all different. Denote IrMOA(r, dn11 dn22 . . . dnℓℓ , k) and
IrOA(r, dN , k) as the irredundant MOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , k) and irredundant OA(r, d
N , k), respectively. In the follow-
ing, we show that irredundant mixed orthogonal arrays can be used to construct k-uniform states in heterogeneous
systems. The proof is given in [11].
Proposition 2 If array (mi,j)1≤i≤r;1≤j≤N is an IrMOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , k), then |ψ〉 = 1√r
∑r
i=1 |mi,1mi,2 . . .mi,N 〉
is a k-uniform state in (Cd1)⊗n1 ⊗ (Cd2)⊗n2 ⊗ · · · ⊗ (Cdℓ)⊗nℓ .
In Example 1, one can verify that the MOA(8, 4124, 2) is irredundant, while the MOA(12, 3124, 2) is not. By
Proposition 2 we can construct a 2-uniform state in C4 ⊗ (C2)⊗4. In the next section, we give some constructions of
k-uniform states in heterogeneous systems by irredundant mixed orthogonal arrays.
III. CONSTRUCTIONS OF k-UNIFORM STATES IN HETEROGENEOUS SYSTEMS
In this section, we introduce the connection between mixed orthogonal arrays with certain minimum Hamming
distance and irredundant mixed orthogonal arrays in Lemmas 3 and 4. Based on this connection, we give Construc-
tions 1 and 2, and we use these two constructions to construct 2-uniform states in heterogeneous systems in Theorem 6
and Table II. We also give Construction 3, and we use it to construct 3-uniform states in heterogeneous systems in
Proposition 8. We also give two methods of generating (k− 1)-uniform states from k-uniform states in Propositions 9
and 10.
A. The minimum Hamming distance of MOAs
It is not easy to check whether an MOA is an IrMOA by definition when it has many columns. We introduce
an efficient way to check whether an MOA is irredundant. This method was first used to check whether an OA
is irredundant [17]. First of all, we introduce the Hamming distance of two vectors, which is from the literature
of coding theory. For an r × N matrix M = {m1,m2, . . . ,mr}, the Hamming distance between the row vectors
mi and mj , denoted by HD(mi,mj), is the number of column positions in which symbols are different. We call
min
1≤i<j≤r
HD(mi,mj) the minimum Hamming distance of M , denoted by MD(M). Now we give the connection
between MOAs with certain MD and IrMOAs.
Lemma 3 If M is an MOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , k), then M is irredundant if and only if MD(M) ≥ k + 1.
Proof. The sufficiency is obvious. We only need to consider the necessity. Let N = n1 + n2 + · · · + nℓ. Assume
HD(mi,mj)=MD(M) = b ≤ k, where mi = (mi,s)1≤s≤N ,mj = (mj,s)1≤s≤N are two row vectors of M , then there
exists a set {s1, s2, . . . , sb} ⊂ {1, 2, . . . , N} such that mi,st 6= mj,st for any 1 ≤ t ≤ b. It means that for any
s ∈ {s1, s2, . . . , sb}c, mi,s = mj,s. Since N − b ≥ N − k, it contradicts to the definition of IrMOAs. ⊓⊔
Specially, an MOA is simple if and only if MD ≥ 1. Figure 1 shows our main method of constructing k-uniform
states in heterogeneous systems. The MDs of the MOA(8, 4124, 2) and the MOA(12, 3124, 2) given by Example 1 are
3 and 1 respectively. Thus the MOA(8, 4124, 2) is irredundant, while the MOA(12, 3124, 2) is not by Lemma 3.
If we remove some columns of MOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , k), it is still an MOA(r, d
n′1
1 d
n′2
2 . . . d
n′
ℓ
ℓ , k). In [11], the authors
proposed a concept called endurance of k uniformity, which is the maximum number of columns of an IrMOA with
5MOA(r, dn11 . . . d
nℓ
ℓ
, 2)
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FIG. 2: Expansive replacement. We replace one column of level di of MOA(r, d
n1
1 . . . d
nℓ
ℓ , 2) with a simple
MOA(di, s
t1
1 . . . s
tk
k , 2). It means that we replace the symbol c in the column of level di with vector vc for
c = 0, 1, . . . , di − 1. Then we obtain an MOA(r, dn11 . . . dni−1i−1 st11 . . . stkk dni−1i . . . dnℓℓ , 2).
strength k that can be removed so that the resultant MOA preserves both irredundancy and strength k. By Lemma 3,
we can easily estimate the endurance of k uniformity, which must be at least MD−(k+1). Thus we have the following
lemma.
Lemma 4 Suppose M is an IrMOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , k) with MD = b ≥ k + 1. If we remove any c ≤ b − (k + 1)
columns of M , then it becomes an IrMOA(r, d
n′1
1 d
n′2
2 . . . d
n′
ℓ
ℓ , k), where n
′
i ≤ ni, 1 ≤ i ≤ ℓ and (n1 + n2 + · · · + nℓ) −
(n′1 + n
′
2 + · · ·+ n′ℓ) = c.
Now, we give an example.
Example 5


0 0 0 0 0 0 1 1 1 1 1 1 2 2 2 2 2 2
0 1 2 1 2 0 1 2 0 2 0 1 2 0 1 0 1 2
0 2 1 1 0 2 1 0 2 2 1 0 2 1 0 0 2 1
0 2 2 0 1 1 1 0 0 1 2 2 2 1 1 2 0 0
0 0 1 2 2 1 1 1 2 0 0 2 2 2 0 1 1 0
0 1 0 2 1 2 1 2 1 0 2 0 2 0 2 1 0 1
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1


T
is an MOA(18, 3721, 2).
It has MD = 5, so we can obtain an IrMOA(18, 3621, 2), an IrOA(18, 37, 2), an IrMOA(18, 3521, 2) and an
IrOA(18, 36, 2) by Lemma 4.
B. Constructions of 2-uniform states in heterogeneous systems
In this subsection, we introduce some methods of constructing MOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , 2) with certain MD. The first
method is the so-called expansive replacement [47, Chapter 9]. See the following construction and Figure 2.
Construction 1 Suppose A1 is an MOA(r, d
n1
1 d
n2
2 . . . d
nℓ
ℓ , 2) with MD(A1) = b, and A2 is a simple
MOA(di, s
t1
1 s
t2
2 . . . s
tk
k , 2). Suppose c is a column vector of A1 with level di. Namely c is the (n1+n2+ . . .+ni−1+k)-th
column of A1 for some 1 ≤ k ≤ ni. Assume A2 has row vectors {v0,v1, . . . ,vdi−1}. If we replace the symbol c of c
with vc for c = 0, 1, ..., di− 1, then we obtain A′1 which is an MOA(r, dn11 dn22 . . . dni−1i−1 st11 st22 . . . stkk dni−1i dni+1i+1 . . . dnℓℓ , 2)
with MD(A′1) ≥ b. Thus, if A1 is irredundant, then A′1 must be irredundant.
Proof. We only need to discuss the MD of A′1. Assume HD(mi,mj) = b, where mi = (mi,s),mj = (mj,s) are two
row vectors of A1. Denote m
′
i (resp. m
′
j) is the replaced row of mi (resp. mj) in A
′
1. If the elements of mi,s and mj,s
in level di (replaced column) are the same, then after replacement, HD(m
′
i,m
′
j) = b. If the elements of mi,s and mj,s
in level di (replaced column) are different, then HD(m
′
i,m
′
j) ≥ b, since A2 is simple. Thus, we have MD(A′1) ≥ b. ⊓⊔
6For example, there is an MOA(36, 121312, 2) with MD = 9 and a simple MOA(12, 3124, 2) [48], then we obtain an
MOA(36, 31324, 2) with MD ≥ 9 by Construction 1.
There is a splitting method for MOAs in [49]. Given an MOA(r, (d1d2)
1d13 . . . d
1
N , t) with MD = b, where
d1d2, d3, . . . , dN are unordered, we can obtain an MOA(r, d
1
1d
1
2d
1
3 . . . d
1
N , t) with MD ≥ b, by replacing the sym-
bols in level d1d2 with those pairs of a trivial MOA(d1d2, d
1
1d
1
2, 2). The discussion of MD is the same as the proof of
Construction 1. For example, there is an MOA(18, 3661, 2) with MD = 5 [48], then we obtain an MOA(18, 3721, 2)
with MD ≥ 5. It is worth noting that there exists also a splitting method for k-uniform states [11]. Given a k-uniform
state in Cd1d2 ⊗ Cd3 ⊗ · · · ⊗ CdN , we can obtain a k-uniform state in Cd1 ⊗ Cd2 ⊗ Cd3 ⊗ · · · ⊗ Cdn , by replacing the
states in Cd1d2 with those in Cd1 ⊗ Cd2 . By this reason, the authors in [11] mainly focused on genuinely heteroge-
neous systems, i.e., systems composed of subsystems with coprime levels (e.g., qubits-qutrits or qutrits-ququints). We
emphasize that the converse of the splitting method is not true. For example, we cannot obtain a 1-unfiorm state in
C4 ⊗ C2 ⊗ C2 from a |GHZ〉 = 1√
2
(|0000〉 + |1111〉) in (C2)⊗4. The converse of the splitting method can be true if
we add a condition. We will discuss this probem in Proposition 10. Thus, we focus on the heterogeneous systems no
matter whether they are genuinely heterogeneous systems.
Next, we give the second construction of MOA(r, dn11 d
n2
2 . . . d
nℓ
ℓ , 2) with certain MD by difference scheme. Let S be
an additive group with d different symbols. An s×N matrix D with entries from S is called a difference scheme if it
has the property that the difference between every pair of columns contains the d symbols equally often [47, Chapter
6]. Denote it by D(s,N, d). We often choose S = Zd or Galois field GF(d). A difference scheme D(λd, λd, d) is also
called a generalized Hadamard matrix (GHM). Since S is an additive group, the transpose of D(λd, λd, d) is still a
GHM.
For two matrices A1 = (ai,j)1≤i≤r1,1≤j≤N1 and A2 = (fi,j)1≤i≤r2,1≤j≤N2 , denote A1⊕A2 = (ai,j+A2)1≤i≤r1,1≤j≤N1 ,
where ai,j+A2 = (ai,j+fi′,j′)1≤i′≤r2,1≤j′≤N2 . Thus A1⊕A2 has r1r2 rows and N1N2 columns. Given an OA(r, dN , 2),
N ≥ 1 and a GHM D(λd, λd, d), we can obtain a new MOA with certain MD through “⊕”. Note that when N = 1,
we say (0, 1, . . . , d− 1)T is an OA(d, d1, 2).
Construction 2 Let A1 be an OA(r, d
N , 2) with MD(A1) = b, N ≥ 1. Assume A2 is a GHM D(λd, λd, d), then
A′1 = (m
T , A1 ⊕ A2) is an MOA(rλd, (λd)1dNλd, 2) with MD(A′1) = min{λ(d − 1)N + 1, λdb}, where the row vector
m = (mj)1≤j≤rλd has mj = j − 1 (mod λd).
See Appendix A for the proof of Construction 2. Now, we give some results of 2-uniform states by Construction 2.
Theorem 6 (i) For any d ≥ 2, there exists a 2-uniform state in (Cd)⊗N ⊗ C2 ⊗ C2 for any N ≥ 7 and N 6=
4d+ 2, 4d+ 3.
(ii) For any d ≥ 2, there exists a 2-uniform state in (Cd)⊗N ⊗ C2 for any N ≥ 5.
See Appendix B for the proof of Theorem 6. Other types of GHMs can be found in [50, 51]. Let A2 be a D(s,N1, d)
in Construction 2, then A′1 = (m
T , A1⊕A2) is an MOA(rs, s1dNN1 , 2), where vector m = (mj)1≤j≤rs has mj = j− 1
(mod s) [47]. Although we cannot determine the MD of A′1 directly, we still can use it to construct IrMOAs. For
example, there exists a difference scheme D(15, 9, 3) A2 [51]. Let A1 = (0, 1, 2)
T , then A′1 = (m
T , A1 ⊕ A2) is an
MOA(45, 15139, 2). We numerically determine MD(A′1) = 5. Thus, we can construct a 2-uniform state in C
5⊗(C3)⊗N
for 8 ≤ N ≤ 10.
Obviously, we can obtain more constructions of 2-uniform states in heterogeneous systems by combining Construc-
tions 1 and 2.
Example 7 There exists a 2-uniform state in (C3)⊗N ⊗ (C2)⊗t if t and N satisfy one of the following two conditions:
(a) 3 ≤ t ≤ 4, N ≥ 7, (b) 5 ≤ t ≤ 11, N ≥ 6. We prove the existence as follows.
From the proof of Theorem 6 (i), we have an MOA(4dn+1, (4dn)1d4d
n
, 2) with MD = 4dn−1(d − 1) + 1 for n ≥ 1,
and an MOA(4dn+1, (4d)1d
4d(dn−1)
d−1 , 2) with MD = 4dn − 3 for n ≥ 2, where d is a prime power. We can obtain an
MOA(4dn+1, (4d)1d4d
n+n−1, 2) with MD ≥ 4dn−1(d− 1)+1 by splitting method. Thus when d is a prime power, there
exists an IrMOA(r, (4d)1dN , 2) A1 for N ≥ 6 and N 6= 4d+ 1, 4d+ 2, by the same discussion as Theorem 6 (i).
Since there exists an MOA(72, 324241, 2) with MD = 17 [48], there exists an IrMOA(72, (12)13N , 2) for 11 ≤ N ≤ 24
by splitting method and Lemma 4. Let d = 3 in A1, then there exists an IrMOA(r, (12)
13N , 2) for N ≥ 6 and
N 6= 13, 14. Since 11 ≤ 13, 14 ≤ 24, there exists an IrMOA(r, (12)13N , 2) A′1 for N ≥ 6. There exists a simple
MOA(12, 312t, 2) A2 for 3 ≤ t ≤ 4 (Example 1 gives a simple MOA(12, 3124, 2). It becomes a simple MOA(12, 3123, 2)
if we remove the last column of MOA(12, 3124, 2)). We can obtain an IrMOA(r, 3N+12t, 2) for 3 ≤ t ≤ 4 and N ≥ 6,
by combining A′1 and A2 through Construction 1. Moreover, there exists a simple OA(12, 2
t, 2) for 5 ≤ t ≤ 11 [48].
Thus, there exists an IrMOA(r, 3N2t, 2) for 5 ≤ t ≤ 11 and N ≥ 6.
7TABLE II: 2-uniform states in heterogeneous systems by combining Constructions 1 and 2
IrMOA(r, (4d)1dN , 2) + simple MOAs ⇒ IrMOA(r, dN2t, 2)
d = 3, N ≥ 6
MOA(12, 312t, 2), 3 ≤ t ≤ 4 d = 3, 3 ≤ t ≤ 4, N ≥ 7
OA(12, 2t, 2), 5 ≤ t ≤ 11 d = 3, 5 ≤ t ≤ 11, N ≥ 6
d = 5, N ≥ 6, N 6= 21, 22
MOA(20, 512t, 2), 3 ≤ t ≤ 8
d = 5, 3 ≤ t ≤ 4, N ≥ 7, N 6= 22, 23
OA(20, 2t, 2), 5 ≤ t ≤ 19
d = 5, 5 ≤ t ≤ 8, N ≥ 6, N 6= 22
d = 5, 9 ≤ t ≤ 19, N ≥ 6, N 6= 21, 22
d = 7, N ≥ 6, N 6= 29, 30
MOA(28, 712t, 2), 3 ≤ t ≤ 12
d = 7, 3 ≤ t ≤ 5, N ≥ 7, N 6= 30, 31
OA(28, 2t, 2), 6 ≤ t ≤ 27
d = 7, 6 ≤ t ≤ 12, N ≥ 6, N 6= 30
d = 7, 13 ≤ t ≤ 27, N ≥ 6, N 6= 29, 30
By using the same method as Example 7, we have Table II. One can refer to Refs. [47, 48] for more constructions
of simple MOAs.
C. A construction of 3-uniform states in heterogeneous systems
In [11], the authors wondered whether there exist some examples of 3-uniform states in heterogeneous systems.
Now, let us deal with this problem.
Let S be an abelian group of order d, and Sk denote the abelian group of order dk consisting of all k-tuples of elements
from S with the usual vector addition as the binary operation. Let Sk0 = {(x1, x2, . . . , xk) : x1 = x2 = · · · = xk ∈ S},
then Sk0 is a subgroup of S
k of order d, and we will denote its cosets by Ski , i = 0, 1, . . . , d
k−1 − 1. An s×N matrix
D based on S is a difference scheme of strength k [47, Chapter 6] if for every s× k submatrix, by viewing each row
as a coset representative, each coset Ski , i = 0, 1, . . . , d
k−1 − 1, is represented equally often. Denote it by Dk(s,N, d).
When k = 2, one can check that Dk(s,N, d) is D(s,N, d).
In the following we will show that a Hadamard matrix can be taken as a difference scheme of strength 2 and 3.
A Hadamard matrix Hm is an m ×m matrix with entries +1’s and −1’s, which satisfies HTmHm = mIm [47]. If we
replace −1 with 0 in Hm, then Hm is a GHM D(m,m, 2) over Z2, and it is also a D3(m,m, 2) over Z2 [52]. See
Refs. [47, 51] for more constructions of Hadamard matrices. The following is an H4,
H4 =


1 1 1 1
1 1 0 0
1 0 1 0
1 0 0 1

 . (3)
It is known that D3(s,N, d) can be used to construct MOAs with strength 3.
Construction 3 Assume (A1, A2) is an MOA(r, d
n12n2 , 3) with MD(A2) = b, where A1 is an r× n1 matrix, and A2
is an r×n2 matrix. Assume there also exists a D3(m,N, d) D and a Hadamard matrix Hm, then (A1⊕D,A2⊕Hm)
is an MOA(rm, dn1N2n2m, 3) with MD(A2 ⊕Hm) = min{m2 n2,mb}.
Proof. The construction of MOA(rm, dn1N2n2m, 3) is from Ref. [52]. We only need to show MD(A2 ⊕ Hm) =
min{m2 n2,mb}. Since a Hadamard matrix is also a GHM, we can obtain MD(A2 ⊕ Hm) = min{m2 n2,mb} for the
same discussion as Construction 2. ⊓⊔
Now we give a family of 3-uniform states in heterogeneous systems by Construction 3, which answer the question
posed in [11].
Proposition 8 (i) For any n ≥ 1, there exists a 3-uniform state in (C3)⊗N ⊗ (C2)⊗t for any N and t with
0 ≤ N ≤ 4n and 7× 36n + 4 ≤ t ≤ 9× 36n.
8(ii) For any n ≥ 1, there exists a 3-uniform state in (C5)⊗N ⊗ (C2)⊗t for any N and t with 0 ≤ N ≤ 6n and
5× 100n + 4 ≤ t ≤ 6× 100n.
Proof. (i) Since there exists a matrix (A1, A2) which is an MOA(48, 3
129, 3) with MD(A2) = 2, aD3(36, 4, 3)D, and
a Hadamard matrix H36 [49, 52], (A1⊕D,A2⊕H36) is an MOA(48× 36, 3429×36, 3) with MD(A2⊕H36) = 2× 36 by
Construction 3. Repeating this process n times, (A1⊕D⊕· · ·⊕D,A2⊕H36⊕· · ·⊕H36) is an MOA(48×36n, 34n29×36n , 3)
with MD(A2 ⊕H36 ⊕ · · · ⊕H36) = 2× 36n. There exists an IrMOA(r, 3N2t, 3) for any 0 ≤ N ≤ 4n and 7× 36n+4 ≤
t ≤ 9 × 36n by Lemma 4 (The value of N doesn’t affect the irredundancy of the IrMOA(r, 3N2t, 3)). Thus for any
n ≥ 1, there exists a 3-uniform state in (C3)⊗N ⊗ (C2)⊗t for any 0 ≤ N ≤ 4n and 7 × 36n + 4 ≤ t ≤ 9 × 36n by
Proposition 2.
(ii) Since there exists a matrix (A1, A2) which is MOA(40, 5
126, 3) with MD(A2) = 1, a D3(100, 6, 5), and a
Hadamard matrixH100 [49, 52], we can obtain a 3-uniform state in (C
5)⊗N⊗(C2)⊗t for any 0 ≤ N ≤ 6n, 5×100n+4 ≤
t ≤ 6× 100n and n ≥ 1 for the same discussion as (i). ⊓⊔
For more constructions of MOAs with strength 3 and difference schemes of strength 3, see Refs. [49, 52–54].
D. Constructions of (k − 1)-uniform states from k-uniform states.
In this subsection, we give two methods of constructing (k − 1)-uniform states in heterogeneous systems from
k-uniform states in heterogeneous systems. The first method is inspired by Refs. [15, 16].
Proposition 9 Assume |ψ〉 is a k-uniform state in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN , and it is written in the computational
basis. If Alice performs the projective measurement with projectors {|i〉〈i|}d1−1i=0 on the first system, then we obtain
a (k − 1)-uniform state in Cd2 ⊗ · · · ⊗ CdN for each projector. Moreover, these (k − 1)-uniform states are pairwise
orthogonal.
See Appendix C for the proof of Proposition 9. Recall that Eq. (2) gives a 2-uniform state |ψ〉 in C4⊗(C2)⊗4. If Alice
performs the projective measurement with projectors {|i〉〈i|}3i=0 on the first system, then we can obtain four pairwise
orthogonal 1-uniform states in (C2)⊗4 by Proposition 9: |ψ0〉 = 1√2 (|0000〉 + |1111〉), |ψ1〉 =
1√
2
(|0011〉 + |1100〉),
|ψ2〉 = 1√2 (|0101〉+ |1010〉), |ψ3〉 = 1√2 (|0110〉+ |1001〉). If Alice performs the projective measurement with projectors
{|i〉〈i|}1i=0 on the fifth system, then we obtain two orthogonal 1-uniform states in C4 ⊗ (C2)⊗3 by Proposition 9:
|ψ′0〉 = 12 (|0000〉+ |1110〉+ |2101〉+ |3011〉), |ψ′1〉 = 12 (|0111〉+ |1001〉+ |2010〉+ |3100〉).
Now we introduce the second method.
Proposition 10 If there exists a k-uniform state in Cd1 ⊗Cd2 ⊗Cd3 ⊗ · · · ⊗CdN , then there exists a (k− 1)-uniform
state in Cd1d2 ⊗ Cd3 ⊗ · · · ⊗ CdN .
Proof. Assume |ψ〉 is a k-uniform state in Cd1 ⊗ Cd2 ⊗ Cd3 ⊗ · · · ⊗ Cdn . If we consider the vectors in Cd1 ⊗ Cd2
as the vectors in Cd1d2 , then |ψ〉 is a (k − 1)-uniform state in Cd1d2 ⊗ Cd3 ⊗ · · · ⊗ CdN . We can check that if
{i1, i2, . . . , ik−1} ∈ {2, 3, . . . , N − 1},
Tr
{i1,i2,...,ik−1}c
|ψ〉〈ψ| = 1
di1+1di2+1 · · · dik−1+1
Idi1+1di2+1···dik−1+1 . (4)
If {i2, . . . , ik−1} ∈ {2, 3, . . . , N − 1},
Tr
{1,i2,...,ik−1}c
|ψ〉〈ψ| = 1
d1d2di2+1 · · · dik−1+1
Id1d2di2+1···dik−1+1 . (5)
⊓⊔
Specially, we can construct (k− 1)-uniform states in heterogeneous systems from k-uniform states in homogeneous
systems by Proposition 10. For example, since there exists an AME states in (C3)⊗10 [36], there exists a 4-uniform
state in C9 ⊗ (C3)⊗8, and it is also an AME states in C9 ⊗ (C3)⊗8. The methods in Proposition 9 and 10 are also
useful for quantum information masking in the multipartite scenario [55].
9TABLE III: The nonexistence of AME states in heterogeneous systems.
9-parties 11-parties 13-parties
C
3 ⊗ (C2)⊗8 C3 ⊗ (C2)⊗10 (C3)⊗n ⊗ (C2)⊗(13−n), n = 1, 11, 12
(C3)⊗7 ⊗ (C2)⊗2 C4 ⊗ (C2)⊗10 C4 ⊗ (C2)⊗12
C
4 ⊗ (C2)⊗8 (C4)⊗n ⊗ (C3)⊗(13−n), n = 1, 2, 3
C
4 ⊗ (C3)⊗6 ⊗ (C2)⊗2 (C5)⊗n ⊗ (C3)⊗(13−n), n = 1, 2
C
d ⊗ (C3)⊗12, d = 6, 7, 8, 9
(C4)⊗n1 ⊗ (C3)⊗n2 ⊗ (C2)⊗(13−n1−n2), (n1, n2) = (1, 10), (1, 11), (2, 10)
(C5)⊗n1 ⊗ (C4)⊗n2 ⊗ (C3)⊗(13−n1−n2), (n1, n2) = (1, 1), (1, 2)
C
5 ⊗ (C3)⊗11 ⊗ C2
C
6 ⊗ C4 ⊗ (C3)⊗11
IV. AME STATES IN HETEROGENEOUS SYSTEMS
In this section, we show some results on the existence and nonexistence of AME states in heterogeneous systems.
The existence of AME states in homogeneous systems have been attracting much attention [6, 20, 35, 37, 56]. But
there are few existence results of AME states in heterogeneous systems. AME states in tripartite heterogeneous
systems is investigated in [13]. For an AME state in Cd1 ⊗Cd2 ⊗ · · · ⊗CdN , the definition is the same as homogenous
systems. It requires all reductions to ⌊N2 ⌋ parties are maximally mixed. This is the definition that we focused on in
this paper. There is another definition of AME states in Cd1 ⊗Cd2 ⊗· · ·⊗CdN , which requires every subsystem whose
dimension is not larger than that of its complement must be maximally mixed [56].
For an AME state in Cd1⊗Cd2⊗· · ·⊗CdN , if d1, d2, . . . , dN are not all equal, then N must be odd since d1 · · · d⌊N2 ⌋ ≤
d⌊N2 ⌋+1 · · · dN . There are some examples of AME states. Eq. (2) gives an AME state in C
4 ⊗ (C2)⊗4. Since there
exists an OA(16, 45, 2) with MD = 4 [17, 47], we can obtain an MOA(16, 4422, 2) with MD ≥ 4 by splitting method.
Further we have an IrMOA(16, 4322, 2) and an IrMOA(16, 4421, 2) by Lemma 4. It means that there are AME states
in (C4)⊗3 ⊗ (C2)⊗2 and (C4)⊗4 ⊗ C2. We have the following corollary from Proposition 10.
Corollary 11 If there exists an AME states in (Cd)⊗N , N is even, then there exists an AME state in Cd
2⊗(Cd)⊗N−2.
Now, we consider the nonexistence of AME states in heterogeneous systems. In [56], they showed the nonexistence
of some AME states in homogeneous systems by shadow inequalities. Inspired by this idea, we can also show the
nonexistence of some AME states in heterogeneous systems by shadow inequalities. Assume an AME state exists in
C
d1 ⊗ Cd2 ⊗ · · · ⊗ CdN , where N is odd. The main idea is to show the following necessary conditions do not hold:
Sj =
N∑
k=0
KN−j(k;N)A′k ≥ 0 (6)
for all 0 ≤ j ≤ N , where KN−j(k;N) =
∑
α(−1)α
(
N−k
N−j−α
)(
k
α
)
, A′0 = 1, A
′
k =
∑
{i1,i2,...,ik}⊂{1,2,...,N}
1
di1di2 ···dik
for
1 ≤ k ≤ N−12 , and A′k = A′N−k. Specially, if d1 = d2 = · · · = dN = d, then A′k =
(
N
k
)
d−min(k,N−k).
Now, we can give the nonexistence of some AME states in Cd1 ⊗ Cd2 ⊗ . . . ⊗ CdN by Eq. (6). See the following
lemma and Table III. Table III is obtained by computer.
Lemma 12 AME states in C3 ⊗ (C2)⊗8 do not exist.
Proof. Since d1 = 3 and di = 2 for 2 ≤ i ≤ 8, A′0 = 1, A′1 = 133 , A′2 = 253 , A′3 = 283 , A′4 = 16124 , A′j = A′9−j for
5 ≤ j ≤ 9. We have K8(0, 9) = 9, K8(1, 9) = −7, K8(2, 9) = 5, K8(3, 9) = −3, K8(4, 9) = 1, K8(k, 9) = K8(9 − k, 9)
for 5 ≤ k ≤ 9. We can calculate that
S1 =
9∑
k=0
K8(k, 9)A
′
k = −
23
12
< 0. (7)
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Thus AME states in C3 ⊗ (C2)⊗8 do not exist. ⊓⊔
In next section, we consider the applicaitions k-uniform states.
V. APPLICATIONS
In this section, we give some applications of k-uniform states in heterogeneous systems. We construct an orthogonal
basis consisting of k-uniform states in Proposition 13, and show that some k-uniform bases are locally irreducible in
Proposition 14 and Corollary 15.
A. k-uniform bases in heterogeneous systems
In this subsection, we construct an orthogonal basis consisting of k-uniform states in a heterogeneous system. In
a homogeneous system (Cd)⊗N , the support of a state is the number of nonzero coefficients, when it is written in
the computational basis. Since all the reductions to k parties of a k-uniform state are maximally mixed, the support
of a k-uniform state is at least dk. A k-uniform state is called a k-uniform state with minimum support in (Cd)⊗N
if the support is dk [32]. We can generalize this definition for heterogeneous systems. In a heterogeneous system
Cd1 ⊗Cd2 ⊗ · · · ⊗CdN , d1 ≥ d2 ≥ · · · ≥ dN , the support of a k-uniform state is at least d1d2 · · · dk, due to that all the
reductions to first k parties of the k-uniform state are maximally mixed. A k-uniform state is called a k-uniform state
with minimum support in Cd1 ⊗Cd2 ⊗ · · · ⊗CdN if the support is d1d2 · · · dk. For example, Eq. (2) gives a 2-uniform
state with minimum support in C4 ⊗ (C2)⊗4.
In [16, 21], they showed that if there exists a k-uniform state with minimum support in (Cd)⊗N , then there exists an
orthogonal basis consisting of k-uniform states with minimum support in (Cd)⊗N . This is also true for heterogeneous
systems.
Assume |ψ〉 is a k-uniform state with minimum support in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN . Define the generalized Pauli
operators,
Zi|j〉 = wji |j〉, wi = e
2π
√−1
di ;
Xi|j〉 = |j ⊕i 1〉, j ⊕i 1 = j + 1 (mod di).
Define
U(v) = Zv11 ⊗ · · · ⊗ Zvkk ⊗Xvk+1k+1 ⊗ · · · ⊗XvNN , (8)
where v = (v1, v2, . . . , vN ) ∈ Zd1 × Zd2 × · · · × ZdN . We have the following proposition.
Proposition 13 If there exists a k-uniform state |ψ〉 with minimum support in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN , then B =
{U(v)|ψ〉 : v ∈ Zd1 ×Zd2 × · · · ×ZdN} is an orthogonal basis consisting of k-uniform states with minimum support in
Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN .
See Appendix D for the proof of Proposition 13.
Remark that if there exists a k-uniform state with minimum support in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN , then di1di2 · · · dik
must divide d1d2 · · · dk, for any {i1, i2, . . . , ik} ⊂ {1, 2, . . . , N − 1}.
B. Local indistinguishability of k-uniform bases in heterogeneous systems
Now, we discuss the local indistinguishability of k-uniform bases, this shows quantum nonlocality with entanglement.
A measurement performed to distinguish a set of mutually orthogonal states is called an orthogonality-preserving
measurement if after the measurement the states remain mutually orthogonal. A measurement is nontrivial if not
all the POVM elements are proportional to the identity operator. Otherwise, the measurement is trivial. A set of
orthogonal states is locally irreducible if it is not possible to eliminate one or more states from the set by nontrivial
orthogonality-preserving local measurements [29]. Local irreducibility sufficiently ensures local indistinguishability,
while the converse is not ture. Recall that Eq. (2) gives a 2-uniform state with minimum support in C4 ⊗ (C2)⊗4.
Then we can obtain an orthogonal basis B = {U(v)|ψ〉 : v ∈ Z4×Z2×Z2×Z2×Z2} in C4⊗(C2)⊗4 by Proposition 13.
We have the following proposition.
Proposition 14 The basis B consisting of 2-uniform states with minimum support in C4⊗(C2)⊗4 is locally irreducible.
11
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d1 ⊗ Cd2 ⊗ · · · ⊗ CdN
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k-uniform bases in
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d1 ⊗ Cd2 ⊗ · · · ⊗ CdN
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Some k-uniform bases
are locally irreducible
?
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FIG. 3: The applications that we obtained in Sec. V. A k-uniform state is called a k-uniform state with minimum
support in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN , if it has d1d2 · · · dk nonzero coefficients when it is written in the computational
basis. Note that “?” means that we don’t know whether we can construct a k-uniform bases from a k-uniform state
with non-minimum support in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN .
See Appendix E for the proof of Proposition 14. Since the states of B are all AMEs, the local indistinguishability
of B shows quantum nonlocality with maximum entanglement. In [29], the authors showed that the N -qubit GHZ
bases are locally irreducible. More generally, we can consider the N -qudit GHZ bases. Since
|GHZ〉 = 1√
d
d−1∑
j=0
|j〉⊗N (9)
is a 1-uniform state with minimum support in (Cd)⊗N , we can also obtain an orthogonal basis B1 = {U(v)|GHZ〉 :
v ∈ Zd × Zd × · · · × Zd} in (Cd)⊗N . For the same discussion as Proposition 14, we have the following proposition.
Proposition 15 The basis B1 consisting of 1-uniform states with minimum support in (Cd)⊗N is locally irreducible.
Since those bases are locally indistinguishable, one can also consider to distinguish those bases assisted by entan-
glement as a nonlocal resource. Further we can consider the local irreducibility of other k-uniform basis. See Figure 3
for all the applications in Section V.
VI. CONCLUSION
In this paper, we have investigated k-uniform states in heterogeneous systems. We have given the connections
between MOAs with certain Hamming distance, IrMOAs, and k-uniform states. We have given two constructions of
2-uniform states in heterogeneous systems. We have also given a construction of 3-uniform states in heterogeneous
systems, which solves a question in [11]. Moreover, we have shown two methods of generating (k − 1)-uniform
states from k-uniform states. We have presented some new results on existence and nonexistence of AME states in
heterogeneous systems. For applications, we have presented an orthogonal basis consisting of k-uniform states with
minimum support, and shown that some k-uniform bases are locally irreducible. An open problem is to find the
unknown cases of k-uniform states in Table I. Another problem is whether any k-uniform state is locally unitarily
equivalent to a k-uniform states with real coefficients.
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Appendix A: The proof of Construction 2
Proof. The construction of MOA(rλd, (λd)1dNλd, 2) is from [47]. We only need to show MD(A′1) = min{λ(d −
1)N + 1, λdb}. Assume A1 = (ai,j)1≤i≤r,1≤j≤N , A2 = (fi,j)1≤i≤λd,1≤j≤λd,
A′1 = (m
T , A1 ⊕A2) =


m1 a1,1 +A2 a1,2 +A2 · · · a1,N +A2
m2 a2,1 +A2 a2,2 +A2 · · · a2,N +A2
...
...
...
. . . . . .
mr ar,1 +A2 ar,2 +A2 · · · ar,N +A2

 =


m1 B1,1
m2 B2,1
...
...
mr Br,1

 , (A1)
where Bi,1 = (ai,1+A2, ai,2+A2, . . . , ai,N +A2), mi = (0, 1, . . . , λd−1)T , 1 ≤ i ≤ r. Let v′1 = (t,v1) andv′2 = (t′,v2)
be two row vectors of A′1, where v1 ∈ Bi,1,v2 ∈ Bj,1. There are two cases.
If i = j, then we can assume
v1 = (ai,1 + fk,1, ai,1 + fk,2, . . . , ai,1 + fk,λd, . . . , ai,N + fk,1, . . . , ai,N + fk,λd),
v2 = (ai,1 + fℓ,1, ai,1 + fℓ,2, . . . , ai,1 + fℓ,λd, . . . , ai,N + fℓ,1, . . . , ai,N + fℓ,λd),
where k 6= ℓ. We have t = k− 1 6= ℓ− 1 = t′, HD(v1,v2) = HD(v1−v1,v2−v1). Since A2 is a GHM, {0, 1 . . . , d− 1}
appears λN times in v2 − v1. Thus HD(v1,v2) = λ(d− 1)N . Further HD(v′1,v′2) = λ(d− 1)N + 1 due to t 6= t′.
If i 6= j, then we can assume
v1 = (ai,1 + fk,1, ai,1 + fk,2, . . . , ai,1 + fk,λd, . . . , ai,N + fk,1, . . . , ai,N + fk,λd),
v2 = (aj,1 + fℓ,1, aj,1 + fℓ,2, . . . , aj,1 + fℓ,λd, . . . , aj,N + fℓ,1, . . . , aj,N + fℓ,λd).
If k = ℓ, then t = k − 1 = ℓ − 1 = t′. We have HD(v′1,v′2) = HD(v1,v2) = λdb. If k 6= ℓ, then t = k − 1 6= ℓ − 1 = t′.
We denote
e = (fk,1, fk,2, . . . , fk,λd, . . . , fk,1, . . . , fk,λd).
We have HD(v1,v2) = HD(v1 − e,v2 − e), where
v1 − e = (ai,1, ai,1, . . . , ai,1, . . . , ai,N , . . . , ai,N ),
v2 − e = (aj,1 + fℓ,1 − fk,1, aj,1 + fℓ,2 − fk,2, . . . , aj,1 + fℓ,λd − fk,λd, . . .
aj,N + fℓ,1 − fk,1, aj,N + fℓ,2 − fk,2, . . . , aj,N + fℓ,λd − fk,λd).
Through a permutation of v2 − e, we have
(v2 − e)′ = (aj,1 + 0, aj,1 + 1, . . . , aj,1 + d− 1, . . . , aj,1 + 0, aj,1 + 1, . . . ,
aj,1 + d− 1, . . . , aj,N + 0, aj,N + 1, . . . , aj,N + d− 1, . . . , aj,N + 0,
aj,N + 1, . . . , aj,N + d− 1),
and HD(v1−e, (v2−e)′) = HD(v1−e,v2−e). Since HD((ai,1, ai,1, . . . , ai,1), (aj,1+0, aj,1+1, . . . , aj,1+d−1)) = d−1,
HD(v1,v2) = HD(v1 − e, (v2 − e)′) = λ(d− 1)N and HD(v′1,v′2) = λ(d− 1)N + 1.
In conclusion, we have MD(A′1) = min{λ(d− 1)N + 1, λdb}. ⊓⊔
Appendix B: The proof of Theorem 6
Proof. (i) If d is a prime power, then there exists a GHM D(4dn, 4dn, d) for any n ≥ 1 [47, Chapter 6]. Let
A1 = (0, 1, . . . , d − 1)T and A2 be a D(4dn, 4dn, d) in Construction 2, we obtain an MOA(4dn+1, (4dn)1d4dn , 2) with
MD = 4dn−1(d − 1) + 1. We further obtain an MOA(4dn+1, d4dn+n22, 2) with MD ≥ 4dn−1(d − 1) + 1 by splitting
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method. Then there exists an IrMOA(4dn+1, dN22, 2) for any 4dn−1 + n+ 2 ≤ N ≤ 4dn + n and n ≥ 1 by Lemma 4.
We only need to consider the cases when N = 4dn + n+ 1, 4dn + n+ 2 for n ≥ 1.
There exists an OA(dn, d
d
n−1
d−1 , 2) with MD = dn−1 for any n ≥ 2 [17]. Let A1 be an OA(dn, dn−1d−1 , d, 2) and A2 be a
D(4d, 4d, d) in Construction 2, then we obtain an MOA(4dn+1, (4d)1d
4d(dn−1)
d−1 , 2) with MD = 4dn − 3, and further an
MOA(4dn+1, d
4d(dn−1)
d−1 +122, 2) with MD ≥ 4dn− 3 by splitting method. Then there exists an IrMOA(4dn+1, dN ′22, 2)
for any 4d(d
n−1)
d−1 − 4dn + 7 ≤ N ′ ≤ 4d(d
n−1)
d−1 + 1 and n ≥ 2 by Lemma 4. Since 4d(d
n−1)
d−1 − 4dn + 7 ≤ 4dn + n + 1,
4dn+n+2 ≤ 4d(dn−1)
d−1 +1 for n ≥ 2, there exists an IrMOA(4dn+1, d4d
n+n+122, 2) and an IrMOA(4dn+1, d4d
n+n+222, 2)
for n ≥ 2.
Thus, when d is a prime power, there exists an IrMOA(r, dN22, 2) for any N ≥ 7 and N 6= 4d + 2, 4d + 3, and
there exists a 2-uniform state in (Cd)⊗N ⊗ C2 ⊗ C2 for any N ≥ 7 and N 6= 4d+ 2, 4d+ 3 by Proposition 2. When
d′ is a prime power, there exists a 2-uniform state in (Cd
′
)⊗N ⊗ C1 ⊗ C1 for any N ≥ 5 [16]. By the tensor of a
2-uniform state in (Cd)⊗N ⊗ C2 ⊗ C2 and a 2-uniform state in (Cd′)⊗N ⊗ C1 ⊗ C1 [57], we obtain a 2-uniform state
in (Cd)⊗N ⊗ C2 ⊗ C2 for any d ≥ 2, N ≥ 7 and N 6= 4d+ 2, 4d+ 3.
(ii) If d is a prime power, there exists also a GHM D(2dn, 2dn, d) for any n ≥ 1 [47, Chapter 6]. When d is a
prime power, there exists an IrMOA(r, dN21, 2) for any N ≥ 5, N 6= 2d + 2, 2d + 3 by the same discussion as (i).
We only need to consider the cases when N = 2d + 2, 2d + 3. From the proof of (i), we know that there exists an
IrMOA(4d2, d4d+122, 2) with MD ≥ 4d − 3. Then there exists an IrMOA(4d2, dN21, 2) for any 8 ≤ N ≤ 4d + 1 by
Lemma 4. Since 8 ≤ 2d+ 2, 2d+ 3 ≤ 4d+ 1 for d ≥ 3, and there exists an IrOA(r, 2N21, 2) for any N ≥ 5 [15], then
when d is a prime power, we obtain an IrMOA(r, dN21, 2) for any N ≥ 5. Thus, there exists a 2-uniform states in
(Cd)⊗N ⊗ C2 for any d ≥ 2 and N ≥ 5 by the same discussion as (i). ⊓⊔
Appendix C: The proof of Proposition 9
Proof. Since |ψ〉 is a k-uniform state, we choose any (k − 1) subsystems which are different from the first system,
namely, i2, i3, . . . , ik. Then
|ψ〉 =
∑
(j1,ji2 ,...,jik )∈Zd1×Zdi2×...×Zdik
cj1,ji2 ,...,jik |j1, ji2 , . . . , jik〉|ψ(j1, ji2 , . . . , jik)〉, (C1)
where |cj1,ji2 ,...,jik | = 1√d1di2 ···dik , and 〈ψ(j1, ji2 , . . . , jik)|ψ(j
′
1, j
′
i2
, . . . , j′ik)〉 = δj1,j′1δji2 ,j′i2 · · · δjik ,j′ik by the k-
uniformity of |ψ〉.
Alice uses the projector |i〉〈i| acting on the first system, 0 ≤ i ≤ d1 − 1, then we can obtain
|i, ψi〉 :=
√
d1
∑
(ji2 ,...,jik )∈Zdi2×...×Zdik
ci,ji2 ,...,jik |i, ji2 , . . . , jik〉|ψ(i, ji2 , . . . , jik)〉 (C2)
with probability 1
d1
, where |ψi〉 ∈ Cd2 ⊗ · · · ⊗ CdN . Since
(|ψi〉〈ψi|){i2,i3,...,ik} = Tr{i2,...,ik}c |ψi〉〈ψi| = Tr{i2,...,ik}c d1
∑
(ji2 ,...,jik )∈Zdi2×···×Zdik
∑
(j′
i2
,...,j′
i
k
)∈Zdi2×···×Zdik
ci,ji2 ,...,jik ci,j′i2 ,...,j
′
i
k
|ji2 , . . . , jik〉〈j′i2 , . . . , j′ik | ⊗ |ψ(i, ji2 , . . . , jik)〉〈ψ(i, j′i2 , . . . , j′ik)| =
1
di2 · · · dik
Idi2 ···dik ,
(C3)
then |ψi〉 is a (k − 1)-uniform state in Cd2 ⊗ · · · ⊗ CdN . Moreover, 〈ψi|ψ′i〉 = δi,i′ due to
〈ψ(i, ji2 , . . . , jik)|ψ(i′, j′i2 , . . . , j′ik)〉 = δi,i′δji2 ,j′i2 · · · δjik ,j′ik . ⊓⊔
Appendix D: The proof of Proposition 13
Proof. Assume |ψ〉 is a k-uniform state with minimum support in Cd1 ⊗ Cd2 ⊗ · · · ⊗CdN , then |ψ〉 can be written
as
|ψ〉 =
∑
(j1,j2,...,jk)∈Zd1×Zd2×···×Zdk
cj1,j2,...,jk |j1, j2, . . . , jk〉|ψ(j1, j2, . . . , jk)〉, (D1)
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where |cj1,j2,...,jk | = 1√d1d2···dk , |ψ(j1, j2, . . . , jk)〉 = ⊗
N
ℓ=k+1|mℓ(j1, j2, . . . , jk)〉.
Since local unitary operations do not change the k-uniformity, we only need to show the orthogonality of these
states. We have
U(v)|ψ〉 =
∑
(j1,j2,...,jk)∈Zd1×Zd2×···×Zdk
cj1,j2,...,jk(⊗kℓ=1wjℓvℓℓ |jℓ〉)
⊗ [⊗Nℓ=k+1|mℓ(j1, j2, . . . , jk)⊕ℓ vℓ〉].
(D2)
Assume v 6= u ∈ Zd1 × Zd2 × · · · × ZdN , and ℓ0 is the largest number such that vℓ0 6= uℓ0 . We have
〈ψ|U(u)†U(v)|ψ〉 =
∑
(j1,j2,...,jk)∈Zd1×Zd2×···×Zdk
∑
(j′1,j
′
2,...,j
′
k
)∈Zd1×Zd2×···×Zdk
cj1,j2,...,jkcj′1,j′2,...,j′k
(
k∏
ℓ=1
w
jℓvℓ−j′ℓuℓ
ℓ 〈j′ℓ|jℓ〉)
N∏
ℓ=k+1
〈mℓ(j′1, j′2, . . . , j′k)⊕ℓ uℓ|mℓ(j1, j2, . . . , jk)⊕ℓ vℓ〉
=
1
d1d2 · · · dk
∑
(j1,j2,...,jk)∈Zd1×Zd2×···×Zdk
(
k∏
ℓ=1
w
jℓ(vℓ−uℓ)
ℓ )
N∏
ℓ=k+1
〈mℓ(j1, j2, . . . , jk)⊕ℓ uℓ|mℓ(j1, j2, . . . , jk)⊕ℓ vℓ〉.
(D3)
If ℓ0 ≥ k + 1, then 〈mℓ0(j1, j2, . . . , jk)⊕ℓ0 uℓ0 |mℓ0(j1, j2, . . . , jk)⊕ℓ0 vℓ0〉 = 0, 〈ψ|U(u)†U(v)|ψ〉 = 0; If ℓ0 ≤ k, then
〈ψ|U(u)†U(v)|ψ〉 = 1
d1d2 · · · dk
∑
(j1,j2,...,jk)∈Zd1×Zd2×···×Zdk
(
k∏
ℓ=1
w
jℓ(vℓ−uℓ)
ℓ )
=
1
d1d2 · · · dk
k∏
ℓ=1
(
dl−1∑
jℓ=0
w
jℓ(vℓ−uℓ)
ℓ ) = 0,
(D4)
due to
∑dℓ0−1
jℓ0=0
w
jℓ0 (vℓ0−uℓ0)
ℓ0
= 0. ⊓⊔
Appendix E: The proof of Proposition 14
Proof. We know that
B = {U(v)|ψ〉 : v ∈ Z4 × Z2 × Z2 × Z2 × Z2} (E1)
is an orthogonal basis consisting of 2-uniform states with minimum support in C4 ⊗ (C2)⊗4, where |ψ〉ABCDE =
1
2
√
2
(|00000〉+ |01111〉+ |10011〉+ |11100〉+ |20101〉+ |21010〉+ |30110〉+ |31001〉). Assume Alice goes first, and starts
a nontrivial orthogonality-preserving local measurement
Em =M
†
mMm =


a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

 . (E2)
The postmeasurement states {Mm ⊗ IBCDE(U(v)|ψ〉) : v ∈ Z4 × Z2 × Z2 × Z2 × Z2} should be mutually or-
thogonal. Denote N(v) = Mm ⊗ IBCDE(U(v)|ψ〉). By Proposition 9, we have |ψ〉 = |0〉A|ψ0〉 + |1〉A|ψ1〉 +
|2〉A|ψ2〉 + |3〉A|ψ3〉, where 〈ψi|ψj〉 = 0 for 0 ≤ i 6= j ≤ 3. Since N((0, 0, 0, 0, 0)) is orthogonal to {N(v) : v =
{(1, 0, 0, 0, 0), (2, 0, 0, 0, 0), (3, 0, 0, 0, 0)}}, we have

a00 + w4a11 + w
2
4a22 + w
3
4a33 = 0,
a00 + w
2
4a11 + w
4
4a22 + w
6
4a33 = 0,
a00 + w
3
4a11 + w
6
4a22 + w
9
4a33 = 0.
(E3)
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Then, we obtain a00 = a11 = a22 = a33. Since N((0, 0, 0, 0, 0)) is or-
thogonal to {N(v) : v = {(0, 0, 0, 1, 1), (1, 0, 0, 1, 1), (2, 0, 0, 1, 1), (3, 0, 0, 1, 1)}},
{N(v) : v = (0, 0, 1, 0, 1), (1, 0, 1, 0, 1), (2, 0, 1, 0, 1), (3, 0, 1, 0, 1)}} and {N(v) : v =
(0, 0, 1, 1, 0), (1, 0, 1, 1, 0), (2, 0, 1, 1, 0), (3, 0, 1, 1, 0)}}, we obtain a01 = a10 = a23 = a32 = 0, a02 = a20 = a13 = a31 = 0
and a03 = a30 = a12 = a21 = 0. Thus, Em is proportional to the identity operator, and it means that Alice can not
go first.
Assume Bob goes first and starts
Em =M
†
mMm =
[
b00 b01
b10 b11
]
. (E4)
Denote N(v) = IA ⊗ Mm ⊗ ICDE(U(v)|ψ〉). Since N((0, 0, 0, 0, 0)) is orthogonal to {N(v) : v =
{(0, 1, 0, 0, 0)(0, 0, 1, 1, 1), (0, 1, 1, 1, 1)}}, we obtain b00 = b11 and b01 = b10 = 0. Thus Bob can not go first.
Assume Charles goes first and starts
Em =M
†
mMm =
[
c00 c01
c10 c11
]
. (E5)
Denote N(v) = IAB ⊗ Mm ⊗ IDE(U(v)|ψ〉). Since N((1, 0, 0, 0, 0)) is orthogonal to {N(v) : v =
{(0, 1, 0, 0, 0), (0, 1, 1, 0, 0)}}, and N((0, 0, 0, 0, 0)) is orthogonal to {N(v) : v = {(0, 0, 1, 0, 0)}}, we obtain c00 = c11
and c01 = c10 = 0. Thus Charles can not go first.
Assume David goes first and starts
Em =M
†
mMm =
[
d00 d01
d10 d11
]
. (E6)
Denote N(v) = IABC ⊗ Mm ⊗ IE(U(v)|ψ〉). Since N((2, 0, 0, 0, 0)) is orthogonal to {N(v) : v =
{(0, 1, 0, 0, 0), (0, 1, 0, 1, 0)}}, and N((0, 0, 0, 0, 0)) is orthogonal to {N(v) : v = {(0, 0, 0, 1, 0)}}, we obtain d00 = d11
and d01 = d10 = 0. Thus David can not go first.
Assume Eve goes first and starts
Em =M
†
mMm =
[
e00 e01
e10 e11
]
. (E7)
Denote N(v) = IABCD ⊗ Mm(U(v)|ψ〉). Since N((1, 0, 0, 0, 0)) is orthogonal to {N(v) : v =
{(0, 1, 0, 0, 0), (0, 1, 0, 0, 1)}}, and N((0, 0, 0, 0, 0)) is orthogonal to {N(v) : v = {(0, 0, 0, 0, 1)}}, we obtain e00 = e11
and e01 = e10 = 0. Thus Eve can not go first.
In conclusion, B is locally irreducible. ⊓⊔
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